Holographic Reduced Representations

Tony Plate Department of Computer Science, University of Toronto Toronto, Ontario, Canada, M5S 1A4 tap@ai.utoronto.ca

Abstract

Associative memories are conventionally used to represent data with very simple structure: sets of pairs of vectors. This paper describes a method for representing more complex compositional structure in distributed representations. The method uses circular convolution to associate items, which are represented by vectors. Arbitrary variable bindings, short sequences of various lengths, simple framelike structures, and reduced representations can be represented in a fixed width vector. These representations are items in their own right, and can be used in constructing compositional structures. The noisy reconstructions extracted from convolution memories can be cleaned up by using a separate associative memory that has good reconstructive properties.

I Introduction

Distributed representations [13] are attractive for a number of reasons. They offer the possibility of representing concepts in a continuous space, they degrade gracefully with noise, and they can be processed in a parallel network of simple processing elements. However, the problem of representing compositional structure^1 in distributed representations has been for some time a prominent concern of both proponents and critics of connectionism [9, 32, 12].

Most work on neural-network style associative memories has focussed on either auto-associative or heteroassociative memories. Auto-associative memories, e.g., Hopfield networks [14], store an unordered set of items. They can be used to recall item given a distorted version of one. Hetero-associative memories, e.g., holographic memories and matrix memories [37, 8, 22, 5, 38], store a set of pairs of items. One item of a pair can be recalled using the other as a cue. Matrix style memories are the more popular class, owing to superior storage capacity and fewer constraints on vectors to be stored.

For artificial intelligence tasks such as language processing and reasoning the need arises to represent more

1I.e., recursive, or tree-like structure.

IEEE Transactions on Neural Networks 6:3:623-641 1995 complex data structures such as sequences and trees. It is difficult to represent sequences or trees in distributed representations using associations of pairs (or even n-tuples) of items and retain the benefits of distributed representations. The problem with representing compositional structure in most associative memories is that items and associations are represented in different spaces. For example, in a Hopfield memory (a matrix style memory) items are represented on unit activations (a vector) and associations are represented on connections weights (a matrix). This makes it difficult to represent relationships with recursive structure in which an association of items may be the subject of another association.

Hinton [12] discusses this problem and proposes a framework in which “reduced descriptions” are used to represent parts and objects in a part-whole hierarchy (a frame-like representation). This framework requires that a number of vectors, each a part and together forming a whole, be compressed (reduced) into a single vector of the same dimension as the original vectors. This reduced vector can in turn be used as a part in the representation of some greater whole. The reduction must be reversible so that one can move in both directions in a part-whole hierarchy, i.e., reduce a set of vectors (a whole) to a single vector (a potential part), and expand a single vector (a part) to a set of vectors (a whole). In this way, compositional structure is represented. An essential aspect of reduced descriptions is that they should be systematically related to their components, so that information about the components can be gleaned without expansion. It is this aspect that distinguishes reduced descriptions from arbitrary pointers. Unfortunately, Hinton does not suggest any concrete way of performing the reduction and expansion mappings.

Some researchers have built models or designed frameworks in which some compositional structure is present in distributed representations. For some examples see the papers of Touretzky [33], Pollack [27], or Smolensky [32].

In this paper I propose a new method for representing compositional structure in distributed representations. Circular convolutions are used to construct associations of vectors. The representation of an association is a vector of the same dimensionality as the vectors which are associated. This allows the construction of representations of objects with compositional structure. I call these Holographic Reduced Representations (HRRs), since convolution and correlation based memories are closely related to holographic storage, and they provide an implementation of Hinton’s [12] reduced descriptions. I describe how HRRs and auto-associative item memories can be used to build distributed connectionist systems which manipulate complex structures. The item memories are necessary to clean up the noisy items extracted from the convolution representations.

Convolution/correlation (holographic) memories have been generally regarded as inferior to matrix style associative memories for associating pairs of items, for reasons concerning capacity and constraints (see [37, 8]). However, matrix style memories have a problem of expanding dimensionality when used for representing compositional structure. Convolution/correlation memories do not have this problem. Their storage capacity is sufficient to be useful and restrictions on the classes of vectors can be coped with by using matrix style associative memories to transform unsuitable vectors.

Associative memories are reviewed in Section II. A interpretation of convolution as a compressed outer product is given. In Section III addition memories are reviewed. The need for high capacity error-correcting associative memories is discussed in Section IV. Representations of more complex structures are discussed in Section V; some sequence representations are reviewed and ways of doing variable binding and representing simple frame structures are suggested. The idea of Holographic Reduced Representations (HRRs) falls naturally out of these representations, and is discussed in Section V.E. In Section VI I discuss issues of representing features and tokens with the types of vectors that convolution memories can work with. I describe two simple machines that use HRRs in Section VII. Various mathematical properties are discussed in Section VIII, including the relationship between convolution and fast Fourier transforms and the status of correlation as an approximate inverse to convolution. The capacity of convolution memories and HRRs are discussed in Section IX. In Section X I give examples of the construction and decoding of HRRs.

II Hetero-associative memory { matrix and convolution implementations

Hetero-associative memories are used to store associations between pairs of vectors. The vectors are usually distributed representations of discrete items (e.g., (images).

Convolution-correlation memories (sometimes referred to as holographic-like memories) and matrix memories have been regarded as alternative methods for implementing hetero-associative memory [37, 19, 23, 30, 8]. Matrix memories have received more interest, due to their relative simplicity, their higher capacity in terms of the dimensionality of the vectors being associated, and their relative lack of constraints on those and their relative lac8k(of)eΩA in Section fclass, o(in)-e usdis sotatthretotrothose Th3589gΩ(in)f(Section)kfclass, of Hetero-aSec18b(Th8ed)h(represen)o.y([)bletero-as-trool752y(reseng568y(use)1o(v)oΩy(thei83y(F)m(“reduceions)-7eb(In)18ucn)o(tay(ries)10y(on)dn)j)g(a)f(set)h(of)e(v)asons.tore5y(distr)f(parshoulb(Hetero-a)-)n(tΩro)ol7h2y(reseng5aemories,yE)h(T)dn(part))d(to)g(a)b(in)ddescrvcohnsIndeco(T)dntg(matrix)e(st)o(ion/corc(b)qb796y(a)o(ed.)j(k(in)f(w(and)-294ary-OR8b(Th3)o(v))n(tro))o(ol.01313distrural5b(Hetero-as-)n(tro))o(ol73y((e)n(w)o(o)e(10b(callthguishes)40his)1umd)h(in)i(of)4yvidu)h(in(T)dn)Ω(maems)-75Ω1715).s,)09y(theΩ32380yher)i(assseparateb(Th4i(seqΩ(cous)re)g(neexam5q(ers)g(y(w)o(orks)(con)o(v5nc)g(tero-as-(partΠb(Hetero-as-)no(y)d(o4on)h(o))o(oluti17b(Sebi75nearf(Ma)o(v)oΩ(Murg(con])1758234o4o2)g(or)g(64on)h(1901384o2)g(1024Ω94on)h(,mathematHin)o)o(t98y)o(ws)5(reta5b(Hetero-aines))n(tro))o(ol73irete)in75nearf(Ma)o(v)ossost)o(yle)1318scr)g(in)or)8s)h5(reta14y(des)g(in)102934Ω5(retaa)10131o(ws)5)11brela-Hin)otn(e)dtrogaW((es)h(duwen)o(t)29)10542472638b(Hohis)g()29I q(ose)h68retaTh(stsary)i(lluΩ2iat2628hgu)oΩ(lh(usF(–)k(bΩ(useparate6(appro)gopfi2314yΩ-752700y(the(e.g.18b(Thes))gs)12b(withccapacit)es)-75ΩF(–T)sΩ(useparathppro)gopfi2314yted)i(represenasonst)f(tc)g(o(in)7h(as)fo(ens)12b(withgories,yEcn(T)dn)sso)Ωq(ciabute3Ωbo)o(tatoftds)g(o75Ω2iated,)h(ab(Th8g(sim12)4021on)o(ved)i(repre,heΩ3)o(v)oe)o(tatioated)i()h(a)g(disneartationr270gΩ(asativ)o(unsuitLe(dis989e6(kΩ(q(Θd)h(iΩ(us:)hF(–)knFp(ΘddΩF(–)kqFp(!)iF(–T))hΩ(re86)kΩ(us)1013Ω1198ygv5nc)g(tero-ah-)n(tΩro))o(ol,)strucis)5(kΩ(q(B)pΩ(us:)dF(–)knFp(ΘdeΩF(–T)qFp(!)hF(–)ky)fΩ(b)45)kΩ(us)1013Ω1198ygv5b(Hetero-ah-)n(tΩro))o(ol,)e0131o386)12Ω1620q(Δ)fΩ(us:)fF(–T)oFp(ΘdeΩF(–T)rFp(!)iF(–T))hΩ(ruce4)kΩ(us)1013Ω4021on)o(von)dn)e(Secthese)-75Ω-21013n(tro))o(ol.01021Le(di778duced)j(~di777Ωuce4)kΩ(ss.)pΩ(us,)s838129d)j(~di8ceiuce4)kΩ(ssb)oFus,)s886Ωuced)j(~di885iuce4)kΩ(ssc)qFus, ~di936iuce4ΩkΩ(ssd)oFus, ~dile sseve ~di09(ruc54)kΩ(ssfemoriΩ(us)1013Ωdi(to)d(chei83y(F)m,h(closee(lh(uhFo–T))594ruc6(memon(i)uctiouc54ΩyΩ(useparathpries,yEcn(T)dn)sso12)12ap)q(ee(memorie(the)f(sub)r(je0yraΩns68y(use)1of)d(ano16(62ap7)j(~di60512ap)q(Ω(ss.)gΩ(us131o7-)-7397)j(~di729)2ap)q(Ω(ssbusFx-7514s)c(w)o(eigh)o(rs,)h(em)gΩ(b)q(ciatHRRs.)on)dn)14d)g15ssedFo–T))racti59y(ed)e(r1468g15ssedFx(=93236320)j(~di5)e(15ssedFss.)9ΩbΩ(q(Θd)st)o15b(memox(~di586)15ssedFssb)oFos:)(origin8sedFx(Wh(se(e)i(t)h)-75n.)29b(T1o30asso)0)j(~di30igin8sedFssb)fΩ(ustionsfFo–T) r1498g1581ΩyΩ(usepq(ciix)17b(st)o(ygv5b(Hetero-ah-)n(tro))n)o(ted.6s))g(ro-assol75Fo–T) lΩ(ss.)pΩ(us:)(459Ωn)h(as)~ 6łΩ(ss.)eΩ(q(B)5Fo–T) 2uted r1(ted.785)kΩ(usg(and)fno1tatii774as)~ ssb.785 ssausFx-cy b8f(of)alsed tronero-ah- can b(In)n(tro)tssoe origi87363y([)y(of)iciate siΩ(desmd(with)i715).s,)09y(thi)g(and)h(exfΩy((e))-)1013Ω11r r(e)h(glrises(t)17le(and)(y)iate)ov1330Ω1917 ~di3102glriseΩ(ssb)pΩ(ussso12)129rshouAΩ119r01423i(t)odistay(ra)g(part)fΩ(and)(memo-) The vmemoo–T ing o1Ω fΩ(q(B)5Fo–T) con (mo)o(v) hng usg(and)fnons. ssdusssoo(v)o(ol)e(inΩ(coune(ang(of)f(HRRsb(con5n.)29b(Tq(e)gΩ(u239memoriesd)h(exructcstraenism-)-75Ω8on)o(vures)part)fΩ(and)(memo-))19b(The)13b(t)o(w)o((e)gΩ(u2ra6Ωyre)f(u(oten)o(tiagries)10y(on)dnlution)e(memoriea)g(part)fΩ(and)(memoΩ-))19b(The)13b(t)gΩ(u2r82(represcsi(t)h))g(classb(Arbitrary)26b(ves)-75g(pro)m(,)c(e)e(dimenf19r014237514usuo(y)d(of52y(32)st)o(yleo(e)e(mkf)11baΩeopΩ%%Pi)n(ecntatintatcitasso(usof)f(HRRs.)ries,yEcn(w)o(ork.)pΩ(are)i(g(a2(recur)o(425601i(or)f)e()822617rks)h()h(more)9g(fclass,)g(1y(tionions)h(ohΩe)i(w)o(ymm).s,c;Ω119oEcn(ari200esen)7)j(~d6Ωb(m2617Ω)edm((e)gΩ(u2658rks)h(a2223o(v6ue)5Fl–T))18bu2662(lac)f)e(2192658rks)h()g(that)he)g(classf)eΩ(on/corc(lut3726y(ories)k(do)e(nsoo(v)d)8718y(to)h(o(ws)f(the)h(ymm).s,c:heΩ3)75Ω212h(I)q)t)fΩ(and)h(togΩ8on)o(vg(the(tg(matrix)e(sgation)1013Ω1622Ωgries)196(Net25)kΩ(us2)pΩ(of)f(ob)r(j33Ωs)fwith)f33omp)qΩ(osiIn(ting))g(b)q(efclass,)g(1HRRs.)5nc)g(tero-asΩ))n(tro))o(ol73ireteg)j(compd)i(Ro(en.)3e6(apb(In)18ucta)10131alit)oer)f(pro)q(d-)-75Ω10fectors.)-33933405nc teased mΩspace,ftrool7237514of convolut fAo(ed.)j(ary)i(a)h(para)h-294ary-onveOR1013n(tro)olrix due callhods trobef(a)hg(transforms)-75170een r, e.f33o16(me(Bo(callg(memories)-752177ro)q(d-)-75Ω102en)g(r,)e(f(Ma)scriptiis)h(oieg)j(comp2h(as)(mo)o(v))gofho-)-75(c5nearaΩns5nc)g(tero-ah-)n(tro)olu,rix due s canarallelArbitre y termssssh k(cdΩ(iu,rixif)o(v)oΩ(o8act250)j(~d836id(dI)mossauicxd(a)h-74Ω301)j(~dresen02I)mossau-5258butedk(0)d)i(n02I)moxd for(y)iate,cdΩ(y(37,(v)oΩ(o39(a291)j(~d388en02I)mossbusFx-y(37514of91)j(~d5ssen02I)mossbu5act28butedk(0)56i(n02I)moxd)g(fgr(y)iate,cdΩ(tomp)q(g)j(comp3m)gΩ((T)dn)o46p3m2)j(~d4mp3m)gΩmossau8ΩbΩ(q(Θd)mor342artmx(~di16p3m)gΩmossb)kFx-y(372a6Ω3m2)j(~d23mp3m)gΩmossau258r338utedk(0))i(a3m)gΩmoq(Θdb(F342artmx(~d318p3m)gΩmossb)45)338utedk(0)369p3m)gΩmoxy((e)g)alsedIt y eI wite-(y)iate termdted, (e)trix sig(that)fΩginformatimpligretoh(and)e(i44his)1y term9(in)i()h(andr2400Ωy(ck)e(repr2(apb(In(tro)tg)f(tiΩ(represingle)h(v)oΩ(eln)o((mo)o(yas)e(i9memoes)-75v)n(oix)e(causndr240rieso(ta-)pΩeop(t)h)estv)o(ol(and)g(pro)o(xy)iate)g(tΩ(ciated,and)g36gΩ((T)dn)ojinformix)e(st)o(io)e(somey(this)hgv5b(Heb)ero-)n(e)162dI)moss(of)eΩB)4oriedistributalit)o(ydted,)hSec-

tionv usΩ236(thwiheir) The b(thestrictie)nt b(Inand)c(ectoth)g()g(pr3(as)fo(a)h(v)o(ec-)5726ssed)i(in)f(Sec-)-751(and)tations ppreseeecessarcting a(v)o(er)1013Ω695y(tr0y(It)j((and)-)81312Ωy(tioisy)ih(cop)qΩ()o(ecinpr2(apex)h(str(used)h(to)iatioy([)6y(the-an)f(lelArbd)c(tesf(ga)o(v)oreseneased)g8scret)c(tesap)q(eru131485yΩeop“causn”)oΩ(oΨhink”t)es)-75g(oix)e(l,)09y(”)oΩ(I)-75łation)g(aelatiing)h(do(er,)22Ωb(the)enasonsn)o(t)j(mofpex)h(ste.f33Ω962(l(b)q(e)h(mab(co0131485)e(with)q(ositional)jΩ(strucmo-)-7529oiseand)igh)f(p)q(e1312Ωy(tioe(is)1013)h(fo)Ωq(cussed)g(on)f(Ω(e)i(iy(v)o)e(witioy(tthret-on)h(and)1f(is)h(dio12)189gΩ(in)f(Seolu,re(di)(merppingitional)fΩ(sLISP51(and)g81312Ωy(tioisΨg(e,cd(cdr,b(Secti99)g(131oorie(dds)f(le)j(ing)Th(stat])1524Ω9(in131alst)i(an)o(634cti9(38)-3646pti99)g(35)68duce9(matri7atiii99)g(131g)Th(stat]))h(discu45)k(15244(b)41)10546(b)45)k)16958))41)10])86(b)45Ωy)gΩ(that)-75plex)h(strfy(latedh)o(ected)iΩ(d(Rep.010Ω)o(v)o(v)da.)19)f(and)1191)j(ional)Ω10b(s)q(cessit)o(y)ab(co013148fΩireteg)ay(thc2Ωb(72375fpe(ta-)p;y(riing)f(tted.)1a6Ωyr)o(ton)h(do)q(s.)r)(that)h(one(e)n)o(o(ta-)p9y(th)q(et)od642mne(ries)e)g(o75Ω2itupansion.ted.)18ion mj(d)tations id(metho)q(d)grea part-w(and)-eng(of)f(HRRsi)da. simn disc3riseston

age(items)dΩ((e.g.,)h((im-)-75;Ω(flb(eΩod642mno(ec-)HRRs)73on)f(mc-(y)iate)g(termssssf33Ω142dI)(A(Hin)o(fmab(co0131485i-33929ngiti)1013o-))19b(The)13e)h(to(Ωn)f(Ω(e)i((Section)4y(32o))o(exrug)ay(ti(t)h))g(clafmab(l,)d)odis-131152y(lrmsssso)Ωq(cirepr2(aped)-7(on/condΩeeful163y(8(and1(in13,f))n(tro))ooriesg)ayf(usini)dapd(ctionsgΩF(–)ksFp(Θdd)g(F(–T)fFp(!)132F(–T)82duct([)1Ωdk(0)ribu163y(Ω(us,)o(yp)q(esyFx8uted(–)klFp(ΘdtΩF(–T)sse1)38bedk(0)31yFx8utedp(!))h(iΩ((–T)ss5e1)38Ωbedk(00di33yFx8utedus,)o(etcsso)Ωq((v)o(olda.)19)f(framew)o(oho-)-75rie878ysso)q(cistructure(h)f((im-)-75jand)g(pr)iΩ(deb(co0131485i-33Ωcon)o(v5r)fΩ(represen)o(ting)-75680cture(50)j(1326on)o(vcan)g(b)q(e)fΩ10fepfie)iF(–T)-7(iΩ(o(;)6(iΩ((–T)44m-)-35Ωbedk(0d4m1re(50)jΩ(o(;)hΩ((–T)5b(m)-35bedk(0)o(0)518Ωe(50)jΩ(us,)j(etcsso(d)g(erty(F)m(“21onay(tgrta-)p9o(v)o(9(matm(,)13bil775is)101h18Ωb(This)1ors.)56relationshigo)e(witioyhy(terpInand)c(ec(Secti41)10ex)h(ste.1313diiioe(is)eb(co0131485er-)8Ωlho)q(ds)ins)c(b)q(e)8140.)29Ωb(Thert)fΩ(and)(memo18b(c)11b)f(or)iΩ(desig,(ting)yp)qcy([)y(mew)o(o0yranv5r)fΩ(reprehic)o(h)f(aructurest)g(a)-75680fer-)itho)q(ds)g(t-7527lional)fΩ(soneΩ9Ω)g(part)fΩ(and)h(toget)g(and)h(rld)h(meMetcalfe)18b(re)h(rEd)h(to)6(b874as)[)2ducre)h(r18)70(b874as)])92b(re)h(r131oh(meMurg(con])1758342ab874as)[)c54)(re)h(r20)396Ωb874as)])41ducre)h(rf)e(conne)gΩ(that)-7515)iΩ(hetero-ey(lated2,)g(17516)j(a9(in1d)g(few)g(terc14of)g(con)Ωo(v)o(oluHRRs)Metcalfe)a9(inEd)h(to)Sectioard7231uth)gΩ(propresenof)g1(mat51852y(prng(of)f()f(pro)q(d-)-75Ω1020b(In)18uctm(or)hΩ(ah(due)hΩtononal5r)fΩ(reprcomp2h)h(spen)o(ting)-75680ssssic)d(Murg(con])1758o(v))g(asnce)o(yln400-en)o(ting)-dd)Ωuted)i(rased)g(mΩb(Thirelatk08y(])10772e)h205(in)or23)Ω206b(Th32)2d0h205(in)])n02I206b(Thn)i(whic)o(hr2(apTh(s])1or020b(In)Ω18uct)gn)g(r,)e(f(es)c(aphic)17b(is)e(ug)1013Ωetrix)e(sizgiv)o(en.)3ec-)-7n)18uct85yΩeopy([)y The toes am2 tro aies arcussedhia-ting comΩ2y([)12(the)f(sub)r(jehopfi23i-335r) tok of c5mitof ditye cygv5pΩy(hiy(tok)o13v) uprela-Hn that a This as forvsoft5(c5mitodye)h(c)o(ygv5pΩy(hiy(toΩk)o13v))g,h(c)ooughive memit22inestro ories do rredantes ri(on)e(unit,)g(o(in)3n)o(tatiIn(torieaeartat6a(e)f()f(pro)q(d-)-75Ω1020ies)10y((w)o(orks)Ωi(HRRsi)(g(for18b(Th3[)12ew)g(terc1313)f(pro)q(d-)-75Ω1020)n(tΩro))o(ol7her-)8ho)q(ds)ins bcieb(Th44set) The tionions ofion/corc(b)o(e)81haed.4tyT([)es1d few terc52177rodthei83y(F)m(i)1013148f0b(calΩ(o(nusFx-el18b(Th535631852y(prnrural015nshs)10hematΩ(dimensiof)e(v)b(call2(pFosv)oh(iΩFp(Γ)hΩ(us1Ω((a)j1852y(prob2)Ωq(cirepr(ws)5)11b)f(nshican)gi(connection14of)g(con)Ωo(v9y(th)qonal)h(y(Hin)o(sion)g(as)i(gΩ)h(of131152y(an)o(t)26(l(b(77ro)q(d-)-75Ω1);223)-75id)g(pray(tset)h(of)e(her-)8Fosv)fFx-el1852y(pr,)(con)o(vg.18b(TΩ6h(as)(nshicer-)83(pFosv)6(iΩ(p(Γ)gΩ(us2)memori1852y(probcan)g(i)(tha)memoratimplin)o(ting)-75680dted,hΨha)b(in))g(sim)f(nshwith)ged)i(represen5r)fΩ(sh)qonal)n)10131152y(a52177ro)qΩ)Ωo(v)o(olu19g(pr03p)ed)e4so12)1766)kΩ(usdisΩtoriemp)q(ositiyranΩv5r)fΩ(reprgsen)o(ting)-75680y(usini)eparateb(Th81(F)mh(due)h(ono)k(ed)h(pansiolrtorageb796y(aatimpliti)101989y(to)e(coier)f(pro)q(d-)-75Ω1,)e0138b(Th8e7v))n(tro))o(ol)oh(ind(ha)(e)g)knos)[)w(in)f(thec)o((ectorer,)22Ωb(the)-7a)o(v)oreetzky933Ω8(discuss94hi8e7v)10ss9868m and997i8e7v re(in)9a363distribut

(et5netatioses)1536qΩ(ol(re)e3ul1640)kΩ(v(0)ses)1656 l(re)e3u 0 v(1)ses l(re)e3u v(2di309)2a40

AppA. A lo bound f- the capacit of addit5˙1 memories

An addit5Ω1 memory ca1 store a set of vereprs in a single is easy to recognize whether or not a vhas bee1 stored in a trace. In this appendix Iw how the probability of co recognit5Ω1 is (elated)hΩ(to)-75241y(the)d(v)o(erepr)h(agb(Ts(ol)d(and)h(the)h(n)o(um)o(b)qΩ(er)f(of)g(v)o(ereprs)i(stored.)-75287my(Supp)q(ose)22Ωb(w)o(e)f(ha)o(v)o(e)f-an)h(addit5Ω1)e(memory)g(trace)i(b(c)g(the)-75Ω332y(f-llo)o(wing)11y(parmmoters:)-33396yFp(ffl)20ΩbFo(k)13yFx(distinct)g(items)f((v)o(ereprs))h(stored)h(in)e(a)gΩ(memory)e(trace,)8449my(selected)16y(from)cFo(m)iΩFx(p)q(ossible)g(v)o(ereprs,)621q448my(~)620449myFs(a)pΩFo(;)664438yFx(~)662449myFs(b)oFo(;)707448myFx(~)707Ω449myFs(c)pFo(;)749m438yFx(~)747449myFs(d)fFx(etc.)-33Ω510)yFp(ffl)20bFo(n)fFx(elemen)o(ts)f(in)g(eac)o(h)h(v)o(erepr,)iΩ(eac)o(h)e(elemen)o(t)f((e.g.,)hFo(a)908516yFn(i)921Ω510)yFx())8556my(indep)q(enden)o(tly)c(dra)o(wn)e(from)g(a)g(N(0)pΩFo(;)629539yFw(1)p627546m212v627570aFn(n)652Ω556myFx())h(distribut(ol.)-33617)yFp(ffl)20bFo(q)qΩFx(,)10 the probability of making one or more errprs while

determining which items are (and are not) stored in the memory trace.

• s_a and s, the accept and reject siglals (see below).

To test whether some ~ x is in ~ t, we compute the dot product ~ x ~ t. The resulting siglal be from one of two distribut(ols;)g(the)h(accept)h(distribut(ol)-75Ω974myFo(S)-50980yFn(a)-15974myFx((if)42973my(~)39Ω974myFs(x)hFx(is)f(in)g(the)h(trace),)g(-))g(the)f(reject)iΩ(distribut(ol)eFo(S)864980yFn(r)897974myFx((if)-73Ω1019my(~)-751020yFs(x)fFx(is)g(not)g(in)f-the)i(trace).)k(The)cΩ(means)e(and)h(v)n-ariances of these

a + b +cand a from the accept that verepr elements are distributed as N(0,

1 n from which it f-llows that E() = 1

and ) =

2 n, and E(i i ) = 0 i i ) =^1_2 By the central limit theorem the terms lik~~ are 1,^2_n ), terms lik~ · b̃ are as N(0,^1_n these terms all have zero cov we ca1 add means v to get s

d 1,^{k+1}_n ) s_r^d0,^k_n ).

If the ~ ~ t is gr[ater tha1 some threshold t we that it is from accept distribut(ol)f-and ththe item is in the trace, and if it is less we assume it not. decis5Ω1 procedure is not infallible, but n ca1

be chosen make the probability of errpr acceptably low.

Using cumulat(a)o(e)g(distribut(ol)g(funct5Ω1s,)h(w)o(e)gΩ(ca1)h(w)o(ork)-751961y(out)j(the)g(probabilit)o(y)e(Pr(Hit)(=)jΩ(Pr()pFo(s)5751967yFn(a)6131961yFo(¿)f(t)pFx()))g(of)fΩ(co)-7ctly)-752007y(deciding)f(a1)g(item)f(w)o(as)h(stored)h(in)f(a)gΩ(trace,)h(and)f(the)h(proba-)-752053my-bility Pr(Reject)(= Pr(s

< t)) of co deciding a1 item was not stored in threshold t ca1 bchosen to maximize the probability Pr(Co of co

-7ctly identifying all the items stored (and not stored) in a particular Pr(Co = Pr(Hit) Pr(Reject) m−k

The probability density funct5Ω1s (pdfs) f- s_a and s_r and the optimal single threshold are shown in Figure A.11, f- example = 3 (f-h Pr(Co = 0.68). Note that the op-

timal scheme for deciding whether a comes accept - reject For the purposes p(s_r ) E(r) =.217 p(s_a) E(s_a) = s ) = 0.25

0.651

Signal iength