E s t i m a t i n g a n a l o g i c a l s i m i l a r i t y b y v e c t o r d o t - p r o d u c t s o f

H o l o g r a p h i c R e d u c e d R e p r e s e n t a t i o n s .

T o n y A . P l a t e

D e p a r t m e n t o f C h e m i c a l E n g i n e e r i n g

U n i v e r s i t y o f B r i t i s h C o l u m b i a

V a n c o u v e r , B C , C a n a d a V 6 T 1 Z 4

t a p @ e p i . t e r r y f o x . u b c . c a 1

O c t o b e r 2 5 , 1 9 9 5

1 This paper reports work performed in the Department of Computer Science at the University

of Toronto

Abstract

Models of analog retrieval require a computationally cheap method of estimating similarity

between a probe and the candidates in a large pool of memory items. The vector dot-product

operation would be ideal for this purpose if it were possible to encode complex structures as

vector representations in such a way that the super�cial similarity of vector representations

re ected underlying structural similarity. This paper describes how Holographic Reduced

Representations (HRRs) [Plate 1991] provide such an encoding. HRRs are a method for

encoding nested relational structures as �xed width distributed representations, i.e., vectors.

The similarity of HRRs that can be computed quickly using dot-products. If two HRRs

involve similar ob jects and relations, their dot-product will be high and will be sensitive

to some aspects of structural similarity. However, if the two HRRs do not involve similar

ob jects their dot-product will be lower and will not be as sensitive to structural similarities.

This paper also describes an enrichment of HRRs called \contextualization". The dot-

product of contextualized HRRs is sensitive to more aspects of structural similarity, and is

also sensitive to structural similarity in the absence of shared ob ject features.

1 Intro duction

Gentner and Markman [1993] suggest that the ability to deal with analogy will be a \wa-

tershed or Waterloo" for connectionist models based on distributed representations. They

identify \structural alignment", which is the matching of corresponding components of two

structures in a manner which preserves the relationships, as the central aspect of analogy

making, and note the apparent ease with which people can do this in a wide variety of tasks.

The main impediment to building distributed connectionist models for tasks such analogy

evaluation has been the lack of an adequate distributed representation for nested composi-

tional structure. Gentner and Markman wonder whether the surface forms of distributed

representations for structured ob jects would be similar to the degree that the underlying

structures were similar, but express pessimism about the prospects for the development of

such a representation.

In this paper I describe how Holographic Reduced Representations (HRRs) [Plate 1991;

Plate 1995], which are a �xed-width distributed representation for nested compositional

structures, provide such a representation. In particular, they can be used to obtain fast

estimates of similarity between structures. A HRR is a high dimensional vector, and the

vector dot-product of two HRRs is an e�ciently computable estimate of the overall similarity

between the two structures represented. This estimate is sensitive to surface similarity and

some, but not all, aspects of structural similarity, 1 even though correspondences between

structure elements are not explicitly computed. Comparisons of HRRs can be made more

sensitive to structural similarity by including additional bindings in the HRRs, which are

derived using a technique I call \contextualization".

Gentner and Markman [1993] and Gentner, Markman and Wisniewski [1993] remark that

people appear to perform structural alignment in a wide variety of tasks, including percep-

tion, problem solving, and memory recall. One task they and others have investigated is

analog recall. A sub ject reads a number of stories and later reads a probe story. The task

is to recall stories that are similar to the probe story (and sometimes evaluate the degree

of similarity and perform analogical reasoning). This task is often thought to involve two

stages { �rst is recall from long-term memory of stories that are potentially relevant and

analogical to the probe story, and second is evaluation and use of the analogy, which involves

construction of mappings between the recalled stories and the probe story. Two computer

models of this process, Thagard et al ’s [1990] ARCS (Analog Retrieval by Constraint Satis-

faction) and Gentner and Forbus’s [1991] MAC/FAC (Many Are Called, Few Are Chosen),

also have two stages. The �rst stage selects a few likely analogs from a large number of

potential analogs. The second stage searches for an optimal (or at least good) mapping

between each selected story and the probe story and outputs those with the best mappings.

MAC/FAC uses Falkenhainer, Forbus and Gentner’s [1989] SME (Structure Mapping En-

gine) as its second stage. The two-stage architecture is illustrated in Figure 1. The �rst

stage selects potential analogies to the probe from the large pool of items in long-term mem-

ory, using fast but super�cial comparisons. The bottleneck depicted here is typical but not

necessary { the computation required by the �rst stage could happen in parallel throughout

long-term memory (e.g., in a content-addressable memory). The second stage performs a

1 \Surface features" of stories are the features of the entities and relations involved, and \structural

features" are the relationships among the relations and entities.

Potential

analogies

Good

analogies

Expensive selection

process based on

structural features

Cheap �ltering

process based on

surface features

Large pool of items in memory

Probe

Figure 1: Two-stage models of analogy retrieval.

more expensive structural comparison between the probe and each potential analogy passed

by the �rst stage. Two stages are necessary because it is too computationally expensive to

search for an optimal mapping between the probe and all stories in memory. An impor-

tant requirement for a �rst stage is that its retrieval speed scale well with both the size

and number of episodes in long-term memory. This requirement prevented the authors of

MAC/FAC and ARCS from having the �rst stage consider structural features, because they

knew of no e�cient way to do this.

The evidence that people take structural correspondences into account when evaluating

and using analogies is longstanding and solid (see Gentner, Rattermann and Forbus [1993]

for a review). However, it is less certain whether structural similarity in uences access to

long-term memory (i.e., the �rst-stage reminding process). Gentner and Forbus [1991] and

Gentner, Rattermann and Forbus [1993], found little or no e�ect of analogical similarity

on reminding. Others, e.g., Wharton et al [to appear], Seifert and Hammond [1989] and

Ross [1989], have found some e�ect. Wharton et al [to appear] suggest that the experimental

design in earlier studies made it di�cult to separate the e�ects of surface and structural

similarity. In any case, surface features appear to in uence the likelihood of a reminding far

more than do structural features. Ross’s [1989] study suggested that the e�ect of structural

similarity on reminding is greater in the presence of surface similarity.

The �rst goal of this paper is to introduce HRRs as a distributed representations for nested

compositional structure.

The second goal is to investigate how the dot-product of HRRs performs as an estimate of

analogical similarity and to spell out the strengths and weaknesses of this estimate. To this

end I show how dot-products of HRRs respond to various surface and structural aspects of

similarity and compare the similarity judgements to those of ARCS and SME, two widely

cited models of analogy evaluation and analogical reasoning. Thagard et al ’s [1990] ARCS

builds a local connectionist constraint satisfaction network (in its second stage) whose stable

states are good interpretations of analogy between two structures. An interpretation of an

analogy is a mapping of the entities in one structure to those in the other. The network

is allowed to settle to a stable state and an overall similarity score is derived from how

well the various constraints are satis�ed. Falkenheimer, Forbus and Gentner’s [1989] SME

incorporates an explicit search for optimal analogical mappings. Both ARCS and SME

X A B

Figure 2: An example of the shape-con�guration task.

provide an explicit interpretation of an analogy as well as a measure of goodness, and both

can use the interpretation to perform analogical reasoning.

The third goal is to suggest that dot-products of HRRs could be an e�cient mechanism for

the �rst stage of a model of analog retrieval. This would be more a powerful mechanism

than the current �rst stages of both ARCS and MAC/FAC because it would be sensitive

to structural as well as surface similarity. However, a second stage would still be required

for accurate evaluations of structural similarity, because the HRR dot-product is not an

infallible measure of structural similarity. Furthermore, analogical reasoning tasks require

an interpretation of an analogy, and this is not provided by HRR dot-products.

I use two sets of examples to illustrate how analogical similarity can be estimated by dot-

products of HRRs. The �rst is a set of shape con�gurations from the paper by Mark-

man et al [1993]. Figure 2 shows an example; the task is to judge which of A or B is

more similar to X. These examples can each be represented by a single relation such as

above(triangle,circle). I include this set because it is a good illustration of some of the

surface and simple structural features that people take into account when judging similarity.

The similarity rankings given by HRR dot-products agree with those given by people.

The second set of examples consists of one-sentence episodes such as the following:

\Spot bit Jane, causing Jane to ee from Spot."

\Fido bit John, causing John to ee from Fido."

\Rover bit Fred, causing Rover to ee from Fred."

The episodes in this set can be represented by two or three nested relations, e.g.:

cause(bite(spot,jane),flee(jane,spot)).

I use these examples to illustrate the extent to which HRRs are sensitive to the more complex

aspects of structural similarity, such as patterns of variable instantiation and structural

arrangement of propositions. It turns out that ordinary HRRs are only sensitive to structure

in the presence of similarity among corresponding ob jects. However, HRRs can be made

sensitive to structural similarity by incorporating contextual information.

In Section 2 of this paper, I describe HRRs, which are a distributed representation for

nested compositional structure. In Section 3, I describe how HRRs can be applied to the shape-con�guration examples. In Section 4, I describe how HRRs can be used to judge

the similarity of episodes involving multiple, nested propositions. In Section 5, I describe

how interpretations of an analogy, i.e., corresponding ob jects, can be extracted from HRRs.

In Section 6, I discuss various issues, such as the relationship of HRR similarity ratings

to ratings given by SME and ARCS, scaling to larger and more examples, exibility of

comparison, and pros and cons with respect to other distributed representations for nested

compositional structure.

2 Holographic Reduced Representations (HRRs)

The di�culty of representing recursively nested structures has been an obstacle to the use of

distributed representations and neural networks for higher-level cognitive tasks such a rea-

soning and language processing [Fodor and Pylyshyn 1988; Smolensky 1990; Hinton 1990].

There have been a number of methods proposed for forming associations in distributed

representations in a manner able to handle recursively nested structure. These include Ten-

sor Products [Smolensky 1990], RAAMs [Pollack 1990], and BoltzCONS [Touretzky 1990].

Holographic Reduced Representations (HRRs) are a distributed representation for nested

compositional structures, which retain nearly all the advantages of distributed representa-

tions for ob jects. HRRs have much in common with Smolensky’s tensor-products represen-

tation for propositions, but use circular convolution to associate roles and �llers, rather than

the tensor product. The bene�t of this is that the dimensionality of representations remains

constant rather than increasing exponentially with the depth of composition as with tensor

products. Convolution has been used as the associative operator in a number of computa-

tional and psychological memory models [Willshaw, Buneman and Longuet-Higgins 1969;

Borsellino and Poggio 1973; Liepa 1977; Willshaw 1981; Murdock 1982; Metcalfe Eich 1982;

Murdock 1987; Paek and Psaltis 1987].

In this Section, I give an overview of HRRs; for more a detailed discussion, see Plate [1995]

or Plate [1994].

2 . 1 A d v a n t a g e s o f d i s t r i b u t e d r e p r e s e n t a t i o n s

Distributed representations [Hinton, McClelland and Rumelhart 1986] are commonly de-

scribed as patterns of activity over a large number of computing elements (neurons). For

the purposes of this paper, I use an abstract version of this description: a distributed rep-

resentation is a vector of real values. The number of elements in the vector (i.e., the vector

dimension) is usually �xed.

Distributed representations are attractive for a number of reasons:

� There is a simple and computationally e�cient measure of similarity between two

distributed representations { the vector dot-product. 2 In general, similar items can

2 The vector dot-product of two n-dimensional vectors x and y is de�ned as: x � y = P n�1

i=0 x i y i where x i

and y i are the i-th elements of x and y. I assume that vectors are normalized, i.e., their Euclidean length

is 1. If not, the cosine is often a better measure of similarity.

be represented by vectors which have a high dot-product.

� Items are represented in a continuous space. This has two bene�ts:

{ It allows similarities to vary continuously.

{ Representations can be learned using gradient descent techniques.

� The information in the vector is distributed and redundant. This has several useful

consequences:

{ Multiple items can be stored in a single bu�er, by superimposing their represen-

tations. The number of items that can be superimposed is a soft-limit { items

become degraded as more items are added.

{ The representations degrade gracefully as noise is added.

{ Representations which are degraded either by noise or by superposition can be

cleaned up using an error-correcting associative memory.

� They can be processed in a parallel network of simple processing elements

2 . 2 R e p r e s e n t a t i o n a l a s s u m p t i o n s

The basic representational assumptions used in this work (and related work on distributed

connectionist representations for nested structure) are as follows:

� All entities (including those with complex structure) are represented by �xed-width

vectors.

� The representation of a compositional entity is derived, in a systematic fashion, from

the representations of its components.

� The representation of an atomic entity (i.e., one not composed of other entities) is

arbitrary. In HRRs, atomic or base-level entities are represented by random vectors.

2 . 3 A s s o c i a t i o n s a n d c o m p l e x s t r u c t u r e

For more complex tasks we require a way of representing associations between items. Sup-

pose we have distributed representations for the concept \circle", \triangle", \small", and

\large". We can represent a small circle by superposing the patterns for \small" and \circle".

However, when we try to represent a small circle and large triangle we have the problem

that the superposition of the four patterns is ambiguous { the information that small is as-

sociated with triangle and large associated with circle is lost { it could be a large circle and

a small triangle. The same problem arises when we try to represent conceptual relations.

Suppose we have a predicate representation for \Spot bit Jane": bite(spot,jane). Spot is

the agent of this relation, and Jane is the ob ject (or patient). A distributed representation

of this relation must be careful to preserve the information about which person is associated

with which role (agent or ob ject) so that there is no confusion with \Jane bit Spot". I refer

to associations between roles and �llers as role/�l ler bindings.

x 1

x 2 z 0

z 1

z 2 y 0 y 2 y 1

x 0 z = x ~ y

z 0 = x 0 y 0 + x 2 y 1 + x 1 y 2

z 1 = x 1 y 0 + x 0 y 1 + x 2 y 2

z 2 = x 2 y 0 + x 1 y 1 + x 0 y 2

Figure 3: Circular convolution represented as a compressed outer product.

One obvious way to avoid ambiguity about who is associated with which role is to divide the

vector into several blocks, and devote a block to each role [Hinton 1990]. The drawback of

this method is that it is unsuitable for representing recursively nested relations such as \Spot

bit Jane, causing Jane to ee from Spot": cause(bite(spot,jane),flee(jane,spot)).

An alternative is to use a function to combine two vectors (representing a role and a �ller)

into one. This is the approach taken by Smolensky [1990] with tensor products and Pollack

[1990] with RAAMs and is also the approach taken with HRRs, though in each case the

function used to combine vectors is di�erent.

If the method for associating roles and �llers can be applied recursively, as it can with

tensor products, RAAMs and HRRs, then it can represent nested structures. The main

issue of concern in this paper, and the issue which concerned Gentner and Markman [1993]

is whether the structure of complex ob jects is re ected in the surface form of the resulting

representation.

2 . 4 C i r c u l a r c o n v o l u t i o n

Circular convolution is an operation that maps two vectors onto one, i.e., ~ : R n � R n !

R n . If x and y are n-dimensional vectors (subscripted 0 to n � 1), then the elements of

z = x ~ y are

z i = n�1 X

k=0 x k y i�k

where subscripts are taken modulo-n. Circular convolution can be viewed as a compression

of the outer (or tensor) product of the two vectors, as Figure 3 shows. Each of the small

circles represents an element of the outer product of x and y , e.g., the middle bottom one is

x 2 y 1 . The elements of the circular convolution of x and y are the sums of the outer product

elements along the wrapped diagonal lines.

Circular convolution can be regarded as a multiplication operator for vectors. It has many

properties in common with both scalar and matrix multiplication. It is commutative (x ~

y = y~x), associative (x~(y~z) = (x~y)~z), and bilinear (x~(�y+� z) = �x~y+� x~z).

There is an identity vector � I ( � I ~ x = x) and a zero vector � 0 ( � 0 ~ x = � 0). Inverses x �1 exist for most vectors (x �1 ~ x = � I ). Circular convolution can be computed in O(n log n) time

using Fast Fourier Transforms.

An association between two items x and y is represented by the convolution of the two items:

x ~ y. The inverse vector of x can be used to reconstruct y from x ~ y: x �1 ~ x ~ y = y.

However, the inverse is numerically unstable (except under certain conditions) and not

very useful in practice. For vectors which have randomly chosen elements independently

distributed as N(0; 1=n) (the normal distribution with mean 0 and variance 1=n) there is

an approximate inverse with many attractive properties. The approximate inverse of x

is denoted by x � , and is a simple rearrangement of the elements of x: x � i = x �i , where

subscripts are modulo-n. The approximate inverse is simple to compute and is numerically

stable. The convolution product x � ~ x ~ y can be written as y + �

�, where the � can be

considered as zero-mean noise whose magnitude (variance) decreases with increasing vector

dimension. 3

Multiple associations can be represented by the sum of the individual associations. For ex-

ample, suppose x, y, v, and w are all randomly chosen vectors with elements independently

distributed as N(0; 1=n). The association of x with y and v with w can be represented by

z = x ~ y + v ~ w. To �nd what is associated with x we convolve z with x � , the result is

x � ~ x ~ y + x � ~ v ~ w. The �rst term here is approximately equal to y and the second

term can be regarded as noise { it will not be highly correlated with any of x, y, v, or

w. The sum of the two terms will be recognizable as a distorted version of y. The vector

dimension required is quite high { it must be in the hundreds for this to work well with a

moderate number of associations.

If we want a convolution-based associative memory to provide accurate reconstructions of

vectors, it must be equipped with an additional error-correcting auto-associative item mem-

ory. This is needed to clean up the noisy vectors retrieved from the convolution encodings.

This item memory must store all the items that the system can produce. When given as

input a noisy version of one of those items it must either output the closest item or indicate

that the input is not close enough to any of the stored items. Note that we can store only

a few associations as convolution encodings in a single vector, whereas we can store many

vectors in the item memory. The item memory can be implemented in any number of ways,

all that is required of it is that it perform a closest match retrieval of the vector presented

to it. In the experiments described in this paper, the item memory is implemented as an

exhaustive comparison over a list of vectors.

2 . 5 C o n s t r u c t i n g H R R s

An instantiated proposition can be represented by its label and a set of role/�ller bindings.

In HRRs, convolution is used to bind roles and �llers together. All the bindings and the

predicate label are superimposed to give the representation of the entire proposition. The

name of a predicate, and each role, are represented by separate vectors. In the following

examples, three predicates are used: bite, with roles bite agt and bite obj ; ee, with roles

ee agt and ee f rom

; and cause, with roles cause antc and cause cnsq .

3 x � ~ z is known as the circular correlation of x with z.

The HRRs for \Spot bit Jane." and \Jane ed from Spot." are

F bite

= bite + bite agt ~ spot + bite obj ~ jane and

F f lee

= ee + ee agt ~ jane + ee f rom

~ spot

where bite and ee are predicate labels, bite agt , bite obj , ee agt , and ee f rom are roles,

and jane and spot are �llers. All these components are n-dimensional vectors, as are = are representepresen69 translate 9b (are)g fi (\ sen)o(tatns)f(for)g(nested)i(stn)o(ts)proposition. The sevdn a functionn apors,arit-meane 50 82475 -bindings.contintributedion. The ca midcont(bit)g(Jan h,)i(causing)f(Jane)g(to)g( n)g (drom)d(Sp)q(ot":ubscr(can)0 b(are)4:fx(1fm(1 154 y fx2ionsen69 tr2556 y6 b(6ure)k(3:=)1145 2556 ye ee1145 2556 y974 nsen69 tr549 y p fw6ure)k(ne)f fm (F fm(3onsen69 tr25 y fxure6ure)k(3:ee)122 2556 y ry)dnsen69 tr249 y fw(�ure)k(ne)f fm (F f530dnsen69 translate 1596fm(1 154l( fi(x)7(r)q(om6as)g(ipro)q(de)i(reored)f(in))h(X.)g(Thesn) o(tits)gd(\Sh(of)g(A)h(org(randomly)g(items)h(cler)e(bindings.p fm(.)1039in)o(t)atiob)q(elsi(x)7ppro) f fi(bit17 b(saOb)q(eation)t)h(close)f(practic)o(ectorilarit h)o(ximo)h(X.)g(These)tributedion.)22 b(The)h)g(ha)o(v)o(e)i)o(e)g fi(z)h fm()o(y)l(.)One)e(o8ts)14 -ion.)22 b(The)h)g()o(t)f(are)h(repre(v)o(o(t.)150 132 (t(cler)escular)6as)g(sev) )h(made)150 25doo(o)glensky)hating contexnvobindings.ect5rs, it meARCS af((or)g(p)o(h)g(rion.)2 e(en)o(tit). tire J m: fx(nfx(k154 y f20 297en69 w3 y 20 210sen69 tr2556 y3 b(fx(k1543:=)d145 2556 yd ee)889 +)h fi(�:ee)122 m(+)h fi(bite)1259 1F) for 16 b(5)87 b(C)377b(o)28Ty34

75raCuoadan(en)o(55(�(J92 prev 56y)w92 prev (75)142 263ng B) j(g1472 402 y 00)p142 yfq(x) e303 m(+)hitha1472 400 216 y f4(2)142 yfq)q fme303 fm4doFj+

J92 prev ~3 m(+)h iii(x)p1i(y)q +~3 of~3 om aE6 yq fa(~3 m(+)h)880e1472 400 4 318 y f90

~3 fm4doij1=sq gen2 prev 583ns94( aEq fa(~3g B)f610)1280 20p f6x(n)49 200p1),1ed(~3 m(+)hd900)1280 20 216 y f8i(x)94 yfqq gen2 prev ~3 fm4do ~3 B fx(20)1280 20p f12i(x)94 yfqp1),1ee303 m(+)h13510 x a q aE6 yq fa(~3 Bf18340)1280 20p f186pr194 yfqp1),1ec303 m(+)h1963 =00 216 y f202pr194 yfqq fmh.felixkq a 2v 2022 prev 583nt44t aEq fa(~3 B)f610 vtwy8140 s1x(ag)8gen2 prev ~3 of twy 3740 a ~3 of twy 9l(I)5280 20 216 y f2045n249 200a fmi prEq fa(~3 fm4do)cfqp1),1eh ~3 om Sp780e

� 2022 prev ~3 om Sp1341e a aE6 yq fa(~3 Bf18340)9980 20p f186pr2 fi(�p1),1ec(~3 om)d(Spz)c 3e)9980 20 216 y fas�a fmhfmn3felixkq iii(x)p0 fm(q):rherr b 96rmb rom6ais aegs(o(ts)cturey dot-,)h(RAAMs)dcausey87 2493 y347266o(ex)f fa(~)h fm4do 87 2493 y4 x :(1),1effmm q fa(~)a25 y f34066h fi(87 2493 y695266o(ex)f faiis)fro( a)h(list)nfqime)159o(1 29y:=)e(s)1Eq q fa(~)am(+)h423

= xi v 0 tr1 29 b(HRb fm(1):rhere)5roeri id 920 152 fi(87anslido)99007 rHRb fm(1):rhere 8 4 318 y f226n7 r1),1effmm q fa(~)a25 y 1164.x se30� 2022 prev q HRb fm(1 ):rherex comp174907 rg(e)159o(850 2)= si v 3x(n850 b(HRb fm(1):rhere)5roeri 25 y pr181)1231 2516 y f06o(850 254(x)j fm(=)73dogk(x)(1),1e723m169w( p 293 (i v 7610850 (HRb fm(1):rhere)5roeri525 y 903(81(t)294 2549 y 96 2850 254(x)jg=)73dogk(x)015ee11510169w(� p 293 (i v 1fx(n850 b(HRb fm(1):rhere)5roeri 25 y 13 r)81)1231 2516 y f13972850 254(x)jferi5dogkhs((1),1e1557m169w( p 293 (i v 1ript850 (HRb fm(1):rhere)5roeri525 y 1741(81(t)294 2549 y 179o(850 2549 iguu136)81)1231 2 318 vf(comp26re882k1543:+)303 80)p fyb o(t93 (i v 352 882k b(HRb fm(1):rh re)5roeri525 y 4 fi88h fi(87 2493 y 150882k154q fm(.)21igu63fi88h fi(87ans lido)71re882k154(1),1e741(80)p p 293 (i v 779 882k b(HRb fm(1):rhere)5roerig 25 y 925i88h fi(87 2493 y9l(I882k154q fm(.)21dogk(x)451 1 f0 80)p fyb o(293 i v 1 j7 882k b(HRb fm(1):rhere)5roeri m(+)h1353i88h fi(87 2493 y1dp52882k154q x)jferi5iguubs4i88h fi(87anslido)1584e882k154(1),1e16j7 80)p p 293 (i v h(r5 882k b(HRb fm(1):rhere)5roeri m(+)h1d90088h fi(87 2493 y1852 882k2549 iguu186 88h fi(87 318 vf(comp19(1)882k1543:e)159o(951at)=)e(s)1b fm(1):rhere)5r fi(15ee 7 265ee 7 265ee)p0 hi(x)p0 fm(1):rhere)5r unct09f2((x(repgenq(c),ueo(v)o( qn)o(ts)cturey )y)l(.))i(reprv)o(o fmj29)tems)g fi(er)e(bindings.flfm(.)1039i h(to)ff fi(yute)i(a(v)o)e,)h(RAAMs)df(outer)g(p f)k 1o1v)o(e0(ts)cturej5)y)l(.))iie))tup)q fmj29 yition)g(of)g(n)g(thes.)983ns)35m(.)y36h f2 rc15(are)g ff(aegs(o(ts)cturey )y)l(.))i(reprcbmp)q(osg(and)g(t)o(bine) o(tis fi(w)q e)18(en)o(ke))g(dyg(t)o(p(to)f(ed)f(wbindings.p )y)l(.))i(repr)o(utj)25 b(the)f )n)oo(a)l(ore)hg(1.y34)28f(a( that) 150 195)n549 felixke23thptiiff fi(yute)i ff(2)2905 180 p 293 (i v 1 fi1arbi b(HRb fm(1):rhere)5roeri cb)qb�)-26 37(z)2905 180 p 293 (i v 40fi1arbi b(HRb fm(1):rhere)5roeri id 11(2)271 fi(87ans lelixk592i1arbi223thfmkause)p fm(,)ti(v)q fm(,)g(id 8482)271 fi(87anslelixk 930i1arbi223thfm)1412 325 y f0 291271 fi(87 2493 y 0g6i1arbi223thfm))g fm(is) of)g(twy 31691271 fi(87 2493 y 383nsarbi223th(sums)o(ectorg(aastors.)1n)h(thscu(of)1t62(prSomkaf.)x)gI)e)g(randomly)g((0 y(foof)g fi)h(f(tm)e(memoexq(osincsen)o dot-,)h(RAAMs)df(outer)))o(ectors,)g(as)h(Figu(w)o(e)g(can)ig (iso(x ff(2)45 b(4usu1 y(stthat(edd(cont f327 )ino(xerg(ofe)h(tions.)dot-,)h(RAAMs) y f b(is)e(t(s)1dot-,)h(RAAMs)dsimple)g((wbindxen)o )f(theu(wing)i(stmaf(nettireco(.)One)e14fi (jpaiit0 243 fm(s)g(n)h(the;mkag(ofd )f(theu(win)o(tly)15s)s (o)o(undreds)f(theu(e)h(outs)nettirelatifo)g(indep)q(eig fm(em)g(rs.)1n)h(thed y(This)k3o(ev)o(er,)22 b(the)g(n)o((e q(d)g()f(reg)f(praoisrete)g (iso(egos39mon0 824(ectorf )f(theu(w)g(requeo)o(tly)15s)j(a)h((lar)g(celemeice)h(outs)r fm(cto (pre158ors.0astof b(i)27 b(In)18 b b(is)e(t9s)1dot-,)h(RAAMs)e)h(outs)(osi tion)f(of)f(thee)h(ero)(olution)e(is)g(used)h,)h(RAAMs)e)illers.)stribu y(a)i(f644ted)f(as)g(N((theo(holo9 yition) g(1)p fl(=iso(xerse)h(is)g(simoisrees) h (conto(tit).)to)hi(20 b(The)14 sso)q(ci)o (bmbthe)))g(the))f(theu(e)h(outs r)g(p f)k 7 fm(1dot-,)h(RAAMs)e)k((pap)a)l(ore)hg(1gu(wf(to)h10)m(acelemeices(o)fouts)r fctors.0astos)g((represen) fm(sn)equireg(1024,ed:)24 f)k 753(J )25 b(the)con)oo(FigThe)(e421 b(appro)o(xim) g(1)p fl(=ismp)q(ole,)f(a(aclu)j(ags.g(mple)(a) (is)g(simoisrees) h(conto(tit).)to)hem)g(rs.)1n)h(thdistr1814te)en)equir)h(5(saapprofi(x)fit)gar)g(it)o(y)d(ofrs,)g(as)h(Figuga(v)o)eclu)jeatiise(e)i(recognizablnarro(er,)22 r.(to)i(i705 1816 b(5)87 b(C)379b(o)28N)40)5 150 184(rular)6 b(t)22eb(c)22lfm462imrs,zb(5)87amj29)o(xim b (n)150 184(t)to)h(10bi223thm)g(of)g(((v)m(arin)enEuclo (ae)cocengthg(ihiedicatlfrs,)g(as)h(Fi,12535)o(v)o(oto) q(dus(theo(holo0astos,)g(as)h(Fies)h25 )g(a3(~)g f1rs.08 re)toaroulerg)his)13 b(is)ere(mo)q(dulos(j))o(ectors)e)g(hee)h(d)i(stn)i y (8 �rscdterm)f(hd.)315 e)i(can)g(storef(a)h (con)ei(v)o)edot-,)h(RAAMs)dsie)i ff(222177 )e) 325 ctej5)y)l(.))i(repr)oraAll srignos, as Folore(v)m(ar y 24)28f(a(sev) sons)da01o(ximg(a(hige)g(t)o(an)o(ep)q(osed)h(to)e(gi fm(An)74te)e))erms wil as d f(a)h (con)o(ole,)f(a01to)egarded lThe(asd)f(b)o(y)g(vg(h)o(undreds50 155.y fwf)t(505 18y37 fl(x)172generas)ere( lar)6dulos(j))o(ectorfg(to)g(a)or.)26 fe olish(stn)i : dt 2 (ti(t)o(xim fi(F)ilemen)o(tsd)fva)o(ts)(obth(repres)h8 y(term24p PStstribuizr)g(ncuesen241pr(.)y38)47f)t4p PS=nmore h arrangeme three mpleetwetge regarded ox olementsdf 64 2519 gs.f(outer)g(p f)k2693(prfof)gencyion of n thes, ed in this